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Killing Vector Fields on Multiply Warped Products with a
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Abstract
In this paper, we define a semi-symmetric metric Killing vector field, then study semi-
symmetric metric Killing vector fields on warped and multiply warped products with a semi-
symmetric metric connection. We also study Killing and 2-Killing vector fields on multiply
warped products.
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1 Introduction
The warped product M1×f M2 of two pseudo-Riemannian manifolds (M1, g1) and (M2, g2) with
a smooth function f : M1 → (0,∞) is a product manifold of form M1 ×M2 with the metric tensor
g = g1⊕ f
2g2. Here, (M1, g1) is called the base manifold and (M2, g2) is called as the fiber manifold
and f is called as the warping function. The concept of warped products was first introduced by
Bishop and O’Neill in [1] to construct examples of Riemannian manifolds with negative curvature.
One can generalize warped products to multiply warped products. A multiply warped product
(M, g) is the product manifold M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm with the metric g = gB ⊕
f21 gM1 ⊕ f
2
2 gM2 · · ·⊕ f
2
mgMm , where for each i ∈ {1, · · · ,m}, fi : B → (0,∞) is smooth and (Mi, gMi)
is a pseudo-Riemannian manifold.
Killing vector fields have been studied on Riemannian and pseudo-Riemannian manifolds for a
long time. The problems of existence and characterization of Killing vector fields are important
and widely discussed by both mathematicians and physicists. In [2], the concept of 2-Killing vector
fields, as a new generalization of Killing vector fields, was first introduced and studied on Riemannian
manifolds. In [3], Shenawy and U¨nal studied 2-Killing vector fields on warped product manifolds,
and applied their result to standard static space-times.
The definition of a semi-symmetric metric connection was given by H. Hayden in [4]. In 1970,
K. Yano in [5] considered a semi-symmetric metric connection and studied some of its properties.
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Motivated by the Yano’s result, in [6], Sular and O¨zgu¨r studied warped product manifolds with a
semi-symmetric metric connection. In [7], professor Yong Wang studied multiply warped products
with a semi-symmetric metric connection.
This paper is arranged as follows. In Section 2, we introduce a semi-symmetric metric connection,
and then recall the definition of warped products and multiply warped products. In Section 3, we
define a semi-symmetric metric Killing vector field, then study semi-symmetric metric Killing vector
fields on warped products with a semi-symmetric metric connection. In Section 4, we study semi-
symmetric metric Killing vector fields on multiply warped products with a semi-symmetric metric
connection. In Section 5, we study Killing vector fields on multiply warped products. Finally in
Section 6, we study 2-Killing vector fields on multiply warped products.
2 Preliminaries
Let M be a Riemannian manifold with Riemannian metric g. A linear connection ∇ on a Rie-
mannian manifold M is called a semi-symmetric connection if the torsion tensor T of the connection
∇
T (X,Y ) = ∇XY −∇YX − [X,Y ] (1)
satisfies
T (X,Y ) = pi(Y )X − pi(X)Y (2)
where pi is a 1-form associated with the vector field P on M defined by pi(X) = g(X,P ). ∇ is called
a semi-symmetric metric connection if it satisfies ∇g = 0.
If ∇ is the Levi-Civita connection of M , the semi-symmetric metric connection ∇ is given by
∇XY = ∇XY + pi(Y )X − g(X,Y )P, (3)
(see [5]).
The (1, 3) type curvature R is defined by R(X,Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ], and (0, 4) type
curvature is defined by R(X,Y, Z,W ) = g(R(X,Y )Z,W ).
We recall the definition of warped product and multiply warped product as follows:
Definition 2.1. Let (M1, g1) and (M2, g2) be two pseudo-Riemannian manifolds, f : M1 → (0,∞)
be a smooth function. The warped product M =M1 ×f M2 is the product manifold M1 ×M2 with
the metric tensor g = g1⊕f
2g2. The function f is called the warping function of the warped product.
Definition 2.2. Let (B, gB) and (Mi, gi) be pseudo-Riemannian manifolds, fi : B → (0,∞) be
smooth functions, where for each i ∈ {1, · · · ,m}. The multiply warped product M = B ×f1
M1 ×f2 M2 × · · · ×fm Mm is the product manifold B ×M1 ×M2 × · · · ×Mm with the metric tensor
g = gB ⊕ f
2
1 g1 ⊕ f
2
2 g2 ⊕ · · · ⊕ f
2
mgm. The function fi is called the warping function of the multiply
warped product.
3 Semi-symmetric Metric Killing Vector Fields on Warped Products
with a Semi-symmetric Metric Connection
Lemma 3.1. [6] Let M = M1 ×f M2 be a warped product with ∇. If X1, Y1 ∈ Γ(TM1), X2, Y2 ∈
Γ(TM2) and P ∈ Γ(TM1), then
2
(1)∇X1Y1 = ∇
1
X1
Y1;
(2)∇X1Y2 =
X1f
f
Y2;
(3)∇Y2X1 =
[
X1f
f
+ pi(X1)
]
Y2;
(4)∇X2Y2 = −fg2(X2, Y2)gradf +∇
2
X2
Y2 − f
2g2(X2, Y2)P.
Lemma 3.2. [6] Let M = M1 ×f M2 be a warped product with ∇. If X1, Y1 ∈ Γ(TM1), X2, Y2 ∈
Γ(TM2) and P ∈ Γ(TM2), then
(1)∇X1Y1 = ∇
1
X1
Y1 − g1(X1, Y1)P ;
(2)∇X1Y2 =
X1f
f
Y2 + pi(Y2)X1;
(3)∇Y2X1 =
X1f
f
Y2;
(4)∇X2Y2 = −fg2(X2, Y2)gradf +∇
2
X2
Y2 + pi(Y2)X2 − f
2g2(X2, Y2)P.
Lemma 3.3. Let M be a pseudo-Riemannian manifold, ζ ∈ Γ(TM), L is the Lie derivative on M
with respect to ζ, then:
(Lζg)(X,Y ) = g(∇Xζ, Y ) + g(∇Y ζ,X) (4)
for any vector fields X,Y ∈ Γ(TM).
Definition 3.4. Let (M, g) be a pseudo-Riemannian manifold, ζ ∈ Γ(TM), L is the Lie derivative
on M with respect to ζ, then ζ is called a Killing vector field if
Lζg = 0 (5)
Now we define the semi-symmetric metric Lie derivative as follows:
Definition 3.5. LetM be a pseudo-Riemannian manifold, ζ ∈ Γ(TM), L is called semi-symmetric
metric Lie derivative on M with respect to ζ, if it satisfied:
(Lζg)(X,Y ) = g(∇Xζ, Y ) + g(∇Y ζ,X) (6)
for any vector fields X,Y ∈ Γ(TM).
Definition 3.6. Let (M, g) be a pseudo-Riemannian manifold, ζ ∈ Γ(TM), L is the semi-symmetric
metric Lie derivative on M with respect to ζ, then ζ is called a semi-symmetric metric Killing
vector field if
Lζg = 0 (7)
Using the symmetry in the equation (4), we can get:
Lemma 3.7. If (M, g,∇) is a pseudo-Riemannian manifold, then ζ ∈ Γ(TM) is a Killing vector
field if and only if:
g(∇Xζ,X) = 0 (8)
Using the symmetry in the equation (6), we can get:
Lemma 3.8. If (M, g,∇) is a pseudo-Riemannian manifold, then ζ ∈ Γ(TM) is a semi-symmetric
metric Killing vector field if and only if:
g(∇Xζ,X) = 0 (9)
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Remark 3.9. The relationship between semi-symmetric metric Killing vector field and Killing vector
field:
g(∇Xζ,X) = g
(
∇Xζ + pi(ζ)X − g(X, ζ)P,X
)
= g(∇Xζ,X) + pi(ζ)‖X‖
2 − pi(X)g(X, ζ).
So when pi(ζ)‖X‖2 = pi(X)g(X, ζ), we have g(∇Xζ,X) = 0⇔ g(∇Xζ,X) = 0. So we get:
Proposition 3.10. Let (M, g,∇) be a pseudo-Riemannian manifold, ζ ∈ Γ(TM), if pi(ζ)‖X‖2 =
pi(X)g(X, ζ), then the following two conditions are equivalent:
(1) ζ is a semi-symmetric metric Killing vector field on M .
(2) ζ is a Killing vector field on M .
In particular, if P = 0, then the above two conditions are equivalent.
Remark 3.11. It is easy to see that when P = 0, the semi-symmetric metric Lie derivative becomes
to Lie derivative, and the semi-symmetric metric Killing vector field becomes to Killing vector field.
Example 3.12. The semi-symmetric metric Killing vector field on I, where I is an open interval in
R, and gI = dt
2. Suppose ζ,X ∈ Γ(TI), then we have ζ = u∂t, X = v∂t, where u 6= 0, v 6= 0, then:
pi(ζ)‖X‖2 = g(P, ζ)g(X,X) = g(P, u∂t)g(v∂t, v∂t) = uv2g(P, ∂t),
pi(X)g(X, ζ) = g(P,X)g(X, ζ) = g(P, v∂t)g(u∂t, v∂t) = uv2g(P, ∂t),
which means pi(ζ)‖X‖2 = pi(X)g(X, ζ), so by Proposition 3.10, we have the semi-symmetric metric
Killing vector field on I is equivalent to the Killing vector field on I, and
g(∇Xζ,X) = g(∇Xζ,X) = g(∇v∂tu∂t, v∂t) = g(v∇∂tu∂t, v∂t) = g(vu˙∂t, v∂t) = u˙v
2 = 0,
since v 6= 0, we have u˙ = 0, so u = a ∈ R \ {0}.
In a word, the semi-symmetric metric Killing vector field on I and the Killing vector field on I
has the form a∂t, where a ∈ R \ {0}.
By Lemma 3.1 and straightforward computation, we can get:
Proposition 3.13. Let M = M1 ×f M2 be a warped product with ∇, ζ ∈ Γ(TM), P ∈ Γ(TM1).
Then for any vector fields X,Y ∈ Γ(TM), we have:
(Lζg)(X,Y ) = (L
1
ζ1
g1)(X1, Y1) + f
2(L2ζ2g1)(X2, Y2) + 2[fζ1(f) + f
2pi(ζ1)]g2(X2, Y2)
−f2g2(X2, ζ2)pi(Y1)− f
2g2(Y2, ζ2)pi(X1) (10)
By Lemma 3.2 and straightforward computation, we can get:
Proposition 3.14. Let M = M1 ×f M2 be a warped product with ∇, ζ ∈ Γ(TM), P ∈ Γ(TM2).
Then for any vector fields X,Y ∈ Γ(TM), we have:
(Lζg)(X,Y ) = (L
1
ζ1
g1)(X1, Y1) + f
2(L2ζ2g2)(X2, Y2) + 2pi(ζ2)g(X,Y )
+2fζ1(f)g2(X2, Y2)− pi(Y2)g(X, ζ)− pi(X2)g(Y, ζ) (11)
Using the equation (6) and Proposition 3.13, we have:
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Corollary 3.15. Let M =M1 ×f M2 be a warped product with ∇, ζ ∈ Γ(TM), P ∈ Γ(TM1). Then
for any vector field X ∈ Γ(TM), we have:
g(∇Xζ,X) = g1(∇
1
X1
ζ1, X1) + f
2g2(∇
2
X2
ζ2, X2)
− f2pi(X1)g2(X2, ζ2) +
[
fζ1(f) + f
2pi(ζ1)
]
‖X2‖
2
2. (12)
Using the equation (6) and Proposition 3.14, we have:
Corollary 3.16. Let M =M1 ×f M2 be a warped product with ∇, ζ ∈ Γ(TM), P ∈ Γ(TM2). Then
for any vector field X ∈ Γ(TM), we have:
g(∇Xζ,X) = g1(∇
1
X1
ζ1, X1) + f
2g2(∇
2
X2
ζ2, X2) + pi(ζ2)‖X‖
2
+ fζ1(f)‖X2‖
2
2 − pi(X2)g(X, ζ). (13)
By Corollary 3.15, we can easily get:
Proposition 3.17. Let M = M1 ×f M2 be a warped product with ∇, P ∈ Γ(TM1), ζ = ζ1 + ζ2 ∈
Γ(TM). Then ζ is a semi-symmetric metric Killing vector field if one of the following conditions
holds:
(1) ζ = ζ1, ζ1 is a semi-symmetric metric Killing vector field, and ζ1(f) + fpi(ζ1) = 0.
(2) ζ = ζ2, ζ2 is a Killing vector field and pi(X1)g2(X2, ζ2) = 0.
(3) ζ = ζ1 + ζ2, ζ1 is a semi-symmetric metric Killing vector field, ζ2 is a Killing vector field, and
ζ1(f) + fpi(ζ1) = 0, pi(X1)g2(X2, ζ2) = 0.
Proposition 3.18. Let M = M1 ×f M2 be a warped product with ∇, P ∈ Γ(TM1), ζ = ζ1 + ζ2 is a
semi-symmetric metric Killing vector field, then:
(1) ζ1 is a semi-symmetric metric Killing vector field on M1.
(2) ζ2 is a Killing vector field on M2 if ζ1(f) + fpi(ζ1) = 0.
Now we recall the definition of generalized Robertson-Walker space-times as follow:
Definition 3.19. A generalized Robertson-Walker space-time (M, g) is a warped product of
the form M = I ×f M2 with the metric tensor g = −dt
2 ⊕ f2g2, where f : I → (0,∞) is smooth, I
is an open interval in R.
Proposition 3.20. Let M = I ×f M2 be a generalized Robertson-Walker space-time with ∇, P =
∂t ∈ Γ(TI), ζ = a∂t+ ζ2 ∈ Γ(TM), a ∈ R \ {0}. Then for any X = u∂t+X2 ∈ Γ(TM), u ∈ R \ {0},
we have: ζ is a semi-symmetric metric Killing vector field on M if ζ2 is a Killing vector field on M2
and f = et, g2(X2, ζ2) = 0.
Proof. By Proposition 3.17.(3), we just need a∂t(f) + fpi(a∂t) = 0, and pi(u∂t)g2(X2, ζ2) = 0.
On the one hand, a∂t(f) + fpi(a∂t) = af˙ + fg(a∂t, ∂t) = af˙ − af = 0. Consider that a 6= 0, we
have f˙ = f, then f = et.
On the other hand, pi(u∂t)g2(X2, ζ2) = g(u∂t, ∂t)g2(X2, ζ2) = −ug2(X2, ζ2) = 0, Consider that
u 6= 0, we have g2(X2, ζ2) = 0.
By Corollary 3.16, we can easily get:
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Proposition 3.21. Let M = M1 ×f M2 be a warped product with ∇, P ∈ Γ(TM2), ζ = ζ1 + ζ2 ∈
Γ(TM). Then ζ is a semi-symmetric metric Killing vector field if one of the following conditions
holds:
(1) ζ = ζ1, ζ1 is a Killing vector field and fζ1(f)‖X2‖
2
2 − pi(X2)g1(X1, ζ1) = 0.
(2) ζ = ζ2, ζ2 is a Killing vector field and pi(ζ2)‖X‖
2 − f2pi(X2)g2(X2, ζ2) = 0.
(3) ζ = ζ1 + ζ2, each ζi is a Killing vector field and fζ1(f)‖X2‖
2
2 + pi(ζ2)‖X‖
2 − pi(X2)g(X, ζ) = 0.
Proposition 3.22. Let M = M1 ×f M2 be a warped product with ∇, P ∈ Γ(TM2), ζ = ζ1 + ζ2 is a
semi-symmetric metric Killing vector field, then:
(1) ζ1 is a Killing vector field on M1 if pi(ζ2) = 0.
(2) ζ2 is a Killing vector field on M2 if pi(ζ2) = 0 and fζ1(f)‖X2‖
2
2 − pi(X2)g(X, ζ) = 0.
Now we recall the definition of standard static space-times as follow:
Definition 3.23. A standard static space-time (M, g) is a warped product of the form M =
M1 ×f I with the metric tensor g = g1 ⊕ (−f
2)dt2, where f : M1 → (0,∞) is smooth, I is an open
interval in R.
Proposition 3.24. Let M =M1 ×f I be a standard static space-time with ∇, P = ∂t ∈ Γ(TI), ζ =
ζ1 + a∂t ∈ Γ(TM), a ∈ R \ {0}. Then for any X = X1 + u∂t ∈ Γ(TM), u ∈ R \ {0}, we have:
ζ is a semi-symmetric metric Killing vector field on M if ζ1 is a Killing vector field on M1 and
ufg1(X1, ζ1)− u
2ζ1(f)− af‖X1‖
2
1 = 0.
Proof. By Proposition 3.21.(3), we just need
fζ1(f)‖u∂t‖
2
2 + pi(a∂t)‖X1 + u∂t‖
2 − pi(u∂t)g(X1 + u∂t, ζ1 + a∂t) = 0.
⇒ fζ1(f)g2(u∂t, u∂t)+g(a∂t, ∂t)
[
‖X1‖
2
1+f
2g2(u∂t, u∂t)
]
−g(u∂t, ∂t)
[
g1(X1, ζ1)+f
2g2(u∂t, a∂t)
]
= 0,
⇒ −u2fζ1(f)− af
2
[
‖X1‖
2
1 − u
2f2
]
+ uf2
[
g1(X1, ζ1)− auf
2
]
= 0,
⇒ uf2g1(X1, ζ1)− u
2fζ1(f)− af
2‖X1‖
2
1 = 0,
since f > 0, we get ufg1(X1, ζ1)− u
2ζ1(f)− af‖X1‖
2
1 = 0.
4 Semi-symmetric Metric Killing Vector Fields on Multiply Warped
Products with a Semi-symmetric Metric Connection
Lemma 4.1. [7] Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product with ∇. If
XB, YB ∈ Γ(TB), Xi, Yi ∈ Γ(TMi) and P ∈ Γ(TB), i ∈ {1, · · · ,m}, then
(1)∇XBYB = ∇
B
XB
YB;
(2)∇XBYi =
XB(fi)
fi
Yi;
(3)∇YiXB =
[
XB(fi)
fi
+ pi(XB)
]
Yi;
(4)∇XiYj = 0, if i 6= j;
(5)∇XiYi = −figi(Xi, Yi)gradfi +∇
i
Xi
Yi − f
2
i gi(Xi, Yi)P.
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Lemma 4.2. [7] Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product with ∇. If
XB, YB ∈ Γ(TB), Xi, Yi ∈ Γ(TMi) and P ∈ Γ(TMr) for a fixed r, i ∈ (1, · · · ,m), then
(1)∇XBYB = ∇
B
XB
YB − gB(XB, YB)P ;
(2)∇XBYi =
XB(fi)
fi
Yi + pi(Yi)XB;
(3)∇YiXB =
XB(fi)
fi
Yi;
(4)∇XiYj = pi(Yj)Xi, if i 6= j;
(4)∇XiYi = −figi(Xi, Yi)gradfi +∇
i
Xi
Yi + pi(Yi)Xi − f
2
i gi(Xi, Yi)P.
By Lemma 4.1 and straightforward computation, we can get:
Proposition 4.3. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product with
∇, ζ ∈ Γ(TM), P ∈ Γ(TB). Then for any vector fields X,Y ∈ Γ(TM), we have:
(Lζg)(X,Y ) = (L
B
ζB
gB)(XB, YB) +
m∑
i=1
f2i (L
i
ζi
gi)(Xi, Yi) +
m∑
i=1
2[fiζB(fi) + f
2
i pi(ζB)]gi(Xi, Yi)
−
m∑
i=1
f2i gi(Xi, ζi)pi(YB)−
m∑
i=1
f2i gi(Yi, ζi)pi(XB) (14)
By Lemma 4.2 and straightforward computation, we can get:
Proposition 4.4. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product with
∇, ζ ∈ Γ(TM), P ∈ Γ(TMr) for a fixed r. Then for any vector fields X,Y ∈ Γ(TM), we have:
(Lζg)(X,Y ) = (L
B
ζB
gB)(XB, YB) +
m∑
i=1
f2i (L
i
ζi
gi)(Xi, Yi) +
m∑
i=1
2pi(ζi)g(X,Y )
+
m∑
i=1
2fiζB(fi)gi(Xi, Yi)−
m∑
i=1
pi(Yi)g(X, ζ)−
m∑
i=1
pi(Xi)g(Y, ζ) (15)
Using the equation (6) and Proposition 4.3, we have:
Corollary 4.5. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product with
∇, P ∈ Γ(TB). Then for any vector field X ∈ Γ(TM), we have:
g(∇Xζ,X) = gB(∇
B
XB
ζB, XB) +
m∑
i=1
f2i gi(∇
i
Xi
ζi, Xi)
−
m∑
i=1
f2i pi(XB)gi(Xi, ζi) +
m∑
i=1
[
fiζB(fi) + f
2
i pi(ζB)
]
‖Xi‖
2
i . (16)
Using the equation (6) and Proposition 4.4, we have:
Corollary 4.6. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product with
∇, ζ ∈ Γ(TM), P ∈ Γ(TMr) for a fixed r. Then for any vector field X ∈ Γ(TM), we have:
g(∇Xζ,X) = gB(∇
B
XB
ζB , XB) +
m∑
i=1
f2i gi(∇
i
Xi
ζi, Xi) +
m∑
i=1
pi(ζi)‖X‖
2
+
m∑
i=1
fiζB(fi)‖Xi‖
2
i −
m∑
i=1
pi(Xi)g(X, ζ). (17)
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By Corollary 4.5, we can easily get:
Proposition 4.7. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product with
∇, P ∈ Γ(TB), ζ = ζB +
m∑
i=1
ζi ∈ Γ(TM). Then ζ is a semi-symmetric metric Killing vector field if
one of the following conditions holds:
(1) ζ = ζB, ζB is a semi-symmetric metric Killing vector field, and
m∑
i=1
[
fiζB(fi)+f
2
i pi(ζB)
]
‖Xi‖
2
i = 0.
(2) ζ = ζi for a fixed i, ζi is a Killing vector field and pi(XB)gi(Xi, ζi) = 0.
(3) ζ = ζB + ζi for a fixed i, ζB is a semi-symmetric metric Killing vector field, ζi is a Killing vector
field, and
[
ζB(fi) + fipi(ζB)
]
‖Xi‖
2
i − fipi(XB)gi(Xi, ζi) = 0.
(4) ζ =
m∑
i=1
ζi, each ζi is a Killing vector field and
m∑
i=1
f2i pi(XB)gi(Xi, ζi) = 0, for any i ∈ {1, · · · ,m}.
(5) ζ = ζB +
m∑
i=1
ζi, ζB is a semi-symmetric metric Killing vector field, each ζi is a Killing vector
field and
m∑
i=1
[
fiζB(fi) + f
2
i pi(ζB)
]
‖Xi‖
2
i −
m∑
i=1
f2i pi(XB)gi(Xi, ζi) = 0, for any i ∈ {1, · · · ,m}.
Proposition 4.8. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product with
∇, P ∈ Γ(TB), ζ = ζB +
m∑
i=1
ζi is a semi-symmetric metric Killing vector field. Then:
(1) ζB is a semi-symmetric metric Killing vector field on B.
(2) each ζi is a Killing vector field on Mi if
m∑
i=1
[
fiζB(fi) + f
2
i pi(ζB)
]
‖Xi‖
2
i = 0.
By Corollary 4.6, we can easily get:
Proposition 4.9. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product with
∇, P ∈ Γ(TMr) for a fixed r, ζ = ζB +
m∑
i=1
ζi ∈ Γ(TM). Then ζ is a semi-symmetric metric Killing
vector field if one of the following conditions holds:
(1) ζ = ζB, ζB is a Killing vector field, and
m∑
i=1
[
fiζB(fi)‖Xi‖
2
i − pi(Xi)gB(XB, YB)
]
= 0.
(2) ζ = ζi for a fixed i 6= r, ζi is a Killing vector field ;
ζ = ζi for a fixed i = r, ζi is a Killing vector field and pi(ζi)‖Xi‖
2
i − pi(Xi)g(Xi, ζi) = 0.
(3) ζ = ζB+ζi for a fixed i 6= r, ζB is a Killing vector field, ζi is a Killing vector field and ζB(fi) = 0.
ζ = ζB + ζi for a fixed i = r, ζB is a Killing vector field, ζi is a Killing vector field, and
ζB(fi)‖Xi‖
2
i + fipi(ζi)‖Xi‖
2
i − fipi(Xi)gi(Xi, ζi) = 0.
(4) ζ =
m∑
i=1
ζi, each ζi is a Killing vector field, and
m∑
i=1
f2i
[
pi(ζi)‖Xi‖
2
i − pi(Xi)gi(Xi, ζi)
]
= 0, for
i ∈ {1, · · · ,m}.
(5) ζ = ζB +
m∑
i=1
ζi, ζB is a Killing vector field, each ζi is a Killing vector field, and
m∑
i=1
[
fiζB(fi)‖Xi‖
2
i + pi(ζi)‖X‖
2 − pi(Xi)g(X, ζ)
]
= 0.
Proposition 4.10. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product with
∇, P ∈ Γ(TMr) for a fixed r, ζ = ζB +
m∑
i=1
ζi is a semi-symmetric metric Killing vector field, then:
(1) ζB is a Killing vector field on B if
m∑
i=1
pi(ζi) = 0.
(2) each ζi is a Killing vector field on Mi if
m∑
i=1
pi(ζi) = 0 and
m∑
i=1
[
fiζB(fi)‖Xi‖
2
i −pi(Xi)g(X, ζ)
]
= 0.
8
5 Killing Vector Fields on Multiply Warped Products
Notice that when P = 0, the semi-symmetric metric Lie derivative becomes to Lie derivative,
and the semi-symmetric metric Killing vector field becomes to Killing vector field. So the following
four results are special cases of Section 4 when P = 0.
Proposition 5.1. Let M = B×f1M1×f2M2×· · ·×fmMm be a multiply warped product, ζ ∈ Γ(TM).
Then for any vector fields X,Y ∈ Γ(TM), we have:
(Lζg)(X,Y ) = (L
B
ζB
gB)(XB, YB) +
m∑
i=1
f2i (L
i
ζi
gi)(Xi, Yi) + 2
m∑
i=1
fiζB(fi)gi(Xi, Yi). (18)
Corollary 5.2. Let M = B×f1 M1×f2 M2×· · ·×fm Mm be a multiply warped product, ζ ∈ Γ(TM).
Then for any vector field X ∈ Γ(TM), we have:
g(∇Xζ,X) = gB(∇
B
XB
ζB , XB) +
m∑
i=1
f2i gi(∇
i
Xi
ζi, Xi) +
m∑
i=1
fiζB(fi)‖Xi‖
2
i . (19)
Proposition 5.3. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product, ζ =
ζB +
m∑
i=1
ζi ∈ Γ(TM). Then ζ is a Killing vector field if one of the following conditions holds:
(1) ζ = ζB, ζB is a Killing vector field, and
m∑
i=1
fiζB(fi)‖Xi‖
2
i = 0.
(2) ζ = ζi for a fixed i, ζi is a Killing vector field.
(3) ζ = ζB + ζi for a fixed i, ζB is a Killing vector field, ζi is a Killing vector field, and ζB(fi) = 0.
(4) ζ =
m∑
i=1
ζi, each ζi is a Killing vector field.
(5) ζ = ζB+
m∑
i=1
ζi, ζB is a Killing vector field, each ζi is a Killing vector field,
m∑
i=1
fiζB(fi)‖Xi‖
2
i = 0.
Proposition 5.4. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product, ζ =
ζB +
m∑
i=1
ζi is a Killing vector field. Then:
(1) ζB is a Killing vector field on B.
(2) each ζi is a Killing vector field on Mi if
m∑
i=1
fiζB(fi)‖Xi‖
2
i = 0, for i ∈ {1, · · · ,m}.
6 2-Killing Vector Fields on Multiply Warped Products
Definition 6.1. [2] Let M be a pseudo-Riemannian manifold, ζ ∈ Γ(TM) is called a 2-Killing
vector field, if
LζLζg = 0 (20)
where Lζ is the Lie derivative in the direction of ζ on M.
Proposition 6.2. [2] Let M be a pseudo-Riemannian manifold, ζ ∈ Γ(TM), then:
(LζLζg)(X,Y ) = g(∇ζ∇Xζ −∇[ζ,X]ζ, Y ) + g(X,∇ζ∇Y ζ −∇[ζ,Y ]ζ) + 2g(∇Xζ,∇Y ζ) (21)
for any vector fields X,Y ∈ Γ(TM).
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Corollary 6.3. [2] Let M be a pseudo-Riemannian manifold, ζ ∈ Γ(TM), then ζ is a 2-Killing
vector field if and only if:
R(ζ,X,X, ζ) = g(∇Xζ,∇Xζ) + g(∇X∇ζζ,X) (22)
for any vector field X ∈ Γ(TM).
Lemma 6.4. [8] Let M be a pseudo-Riemannian manifold, ζ ∈ Γ(TM) is a Killing vector field of
constant length, then ∇ζζ = 0.
Then by Corollary 6.3 and Lemma 6.4, we have:
Corollary 6.5. Let M be a pseudo-Riemannian manifold, ζ ∈ Γ(TM), ζ is a Killing vector field of
constant length and also a 2-Killing vector field, then:
R(ζ,X,X, ζ) = g(∇Xζ,∇Xζ) ≥ 0 (23)
for any vector field X ∈ Γ(TM).
Lemma 6.6. [2] Let ζ be a 2-Killing vector field on the compact n−dimensional pseudo-Riemannian
manifold (M, g) without boundary. If Ric(ζ, ζ) ≤ 0, then ζ is a parallel vector field and
Tr
(
g(∇ζ,∇ζ)
)
= 0. (24)
Lemma 6.7. [9] Let M = B×f1 M1×f2 M2×· · ·×fm Mm be a multiply warped product. If XB, YB ∈
Γ(TB), Xi, Yi ∈ Γ(TMi), i ∈ {1, · · · ,m}, then
(1)∇XBYB = ∇
B
XB
YB;
(2)∇XBYi = ∇YiXB =
XB(fi)
fi
Yi;
(4)∇XiYj = 0, if i 6= j;
(4)∇XiYi = ∇
i
Xi
Yi − figi(Xi, Yi)gradfi.
By Lemma 6.7 and straightforward computation, we can get:
Proposition 6.8. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product. ζ =
ζB +
m∑
i=1
ζi ∈ Γ(TM), then we have:
(LζLζg)(X,Y ) = (L
B
ζB
LBζBgB)(XB , YB) +
m∑
i=1
f2i (L
i
ζi
Liζigi)(Xi, Yi) + 4
m∑
i=1
fiζB(fi)(L
i
ζi
gi)(Xi, Yi)
+ 2
m∑
i=1
fiζB
(
ζB(fi)
)
gi(Xi, Yi) + 2
m∑
i=1
ζB(fi)ζB(fi)gi(Xi, Yi) (25)
By Proposition 6.8, we have:
Corollary 6.9. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product. ζ =
ζB +
m∑
i=1
ζi ∈ Γ(TM), if ζ is a 2-Killing vector field, then:
(1) ζB is a 2-Killing vector field.
(2) each ζi is a 2-Killing vector field if ζB(fi) = 0, for i ∈ {1, · · · ,m}.
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Corollary 6.10. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product. ζ =
ζB +
m∑
i=1
ζi ∈ Γ(TM), if ζB and each ζi are 2-Killing vector fields on B and Mi respectively, then ζ
is a 2-Killing vector field on M if and only if one of the following conditions holds:
(1) ζB(fi) = 0.
(2) each ζi is a homothetic vector field on Mi with homothetic factor ci(i.e, L
i
ζi
gi = cigi) such that
fiζB
(
ζB(fi)
)
+ ζB(fi)ζB(fi) = −2cifiζB(fi). (26)
for any i ∈ {1, · · · ,m}.
Corollary 6.11. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product. ζ =
ζB +
m∑
i=1
ζi ∈ Γ(TM), then ζ is a 2-Killing vector field on M if one of the following conditions holds:
(1) ζB and each ζi are 2-Killing vector fields on B and Mi respectively, and ζB(fi) = 0, for any
i ∈ {1, · · · ,m}.
(2) ζ =
m∑
i=1
ζi and ζi is a 2-Killing vector field on Mi, for any i ∈ {1, · · · ,m}.
Proposition 6.12. Let M = B×f1 M1×f2 M2×· · ·×fm Mm be a multiply warped product, dimB =
n, dimMi = ni, i ∈ {1, · · · ,m}, ζ = ζB +
m∑
i=1
ζi ∈ Γ(TM), then
Tr
(
g(∇ζ,∇ζ)
)
= Tr
(
gB(∇
BζB,∇
BζB)
)
+
m∑
i=1
Tr
(
gi(∇
iζi,∇
iζi)
)
+ 2
m∑
i=1
‖ζi‖
2
i ‖gradfi‖
2
B
+
m∑
i=1
ni
f2i
(
ζB(fi)
)2
+ 2
m∑
i=1
ζB(fi)
fi
diviζi. (27)
Proof. Suppose {eB1 , e
B
2 , · · · , e
B
n } is an orthonormal frame of B, {e
i
1, e
i
2, · · · , e
i
ni
} is an orthonormal
frame of Mi, i ∈ {1, · · · ,m}. Then {e
B
1 , e
B
2 , · · · , e
B
n , e
1
1, e
1
2, · · · , e
1
n1
, · · · , em1 , e
m
2 , · · · , e
m
nm
} is an or-
thonormal frame of M. Then for any ζ ∈ Γ(TM), we have:
Tr
(
g(∇ζ,∇ζ)
)
=
n∑
i=1
g(∇eB
i
ζ,∇eB
i
ζ) +
1
f21
n1∑
i=1
g(∇e1
i
ζ,∇e1
i
ζ) + · · ·+
1
f2m
nm∑
i=1
g(∇em
i
ζ,∇em
i
ζ).
By Lemma 6.7 and straightforward computation, we get
n∑
i=1
g(∇eB
i
ζ,∇eB
i
ζ) = Tr
(
gB(∇
BζB ,∇
BζB)
)
+
m∑
i=1
‖ζi‖
2
i ‖gradfi‖
2
B,
1
f2i
ni∑
j=1
g(∇ei
j
ζ,∇ei
j
ζ) =
ni
f2i
(
ζB(fi)
)2
+ Tr
(
gi(∇
iζi,∇
iζi)
)
+ ‖ζi‖
2
i ‖gradfi‖
2
B + 2
ζB(fi)
fi
diviζi.
So we get the equation (27).
Theorem 6.13. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product. ζ =
ζB +
m∑
i=1
ζi ∈ Γ(TM), B is a compact manifold without boundary, each Mi is a compact manifold
without boundary, then:
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(1) ζ = ζB +
m∑
i=1
ζi is parallel if ζB is a 2-Killing vector field, each ζi is a 2-Killing vector field,
RicB(ζB , ζB) ≤ 0, Ric
i(ζi, ζi) ≤ 0, and fi is constant, for i ∈ {1, · · · ,m}.
(2) ζ = ζB is parallel if ζB is a 2-Killing vector field, Ric
B(ζB , ζB) ≤ 0, and ζB(fi) = 0.
(3) ζ = ζB + ζi is parallel for a fixed i if ζB is a 2-Killing vector field, ζi is a 2-Killing vector field,
RicB(ζB , ζB) ≤ 0, Ric
i(ζi, ζi) ≤ 0, and fi is constant.
(4) ζ = ζi is parallel for a fixed i if ζi is a 2-Killing vector field, Ric
i(ζi, ζi) ≤ 0, and fi is constant.
(5) ζ =
m∑
i=1
ζi is parallel if each ζi is a 2-Killing vector field, Ric
i(ζi, ζi) ≤ 0, and fi is constant, for
i ∈ {1, · · · ,m}.
Proof. (1) Since ζB is a 2-Killing vector field, each ζi is a 2-Killing vector field, Ric
B(ζB , ζB) ≤
0, Rici(ζi, ζi) ≤ 0, B is a compact manifold without boundary, each Mi is a compact manifold
without boundary, by Lemma 6.6, we have Tr
(
gB(∇
BζB,∇
BζB)
)
= 0, T r
(
gi(∇
iζi,∇
iζi)
)
= 0.
Then for constant function fi, using Proposition 6.12, we get :
Tr
(
g(∇ζ,∇ζ)
)
= 0.
Thus ζ is a parallel vector field with respect to the metric g.
Using the same proof method, we can easily get (2), (3), (4), (5).
Theorem 6.14. Let M = B ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product. ζ is a
non-trivial 2-Killing vector field on M, let K denote the sectional curvature, then:
(1) If ∇ζζ is parallel along a curve γ, then K(ζ, γ˙) ≥ 0.
(2) If ζ is a Killing vector field of constant length, then K(ζ, γ˙) ≥ 0.
Proof. (1) By Corollary 6.3, we have R(ζ,X,X, ζ) = g(∇Xζ,∇Xζ) + g(∇X∇ζζ,X). Take X = γ˙,
since ∇ζζ is parallel along a curve γ, then we have ∇X∇ζζ = 0, so
R(ζ,X,X, ζ) = g(∇Xζ,∇Xζ) = ‖∇Xζ‖ ≥ 0
⇒ −R(ζ,X, ζ,X) = ‖∇Xζ‖ ≥ 0
⇒ K(ζ, γ˙) = −
R(ζ,X, ζ,X)
A2(ζ, γ˙)
≥ 0,
where A(ζ, γ˙) is area of the parallelogram generated by ζ and γ˙.
(2) Take X = γ˙, by Corollary 6.5, we have
R(ζ,X,X, ζ) = g(∇Xζ,∇Xζ) ≥ 0
⇒ −R(ζ,X, ζ,X) = ‖∇Xζ‖ ≥ 0
⇒ K(ζ, γ˙) = −
R(ζ,X, ζ,X)
A2(ζ, γ˙)
≥ 0,
where A(ζ, γ˙) is area of the parallelogram generated by ζ and γ˙.
From [2], we can see that (at − b)
1
3 ∂t is a 2-Killing vector field on I, where a, b ∈ R, t ∈ I, and
t 6= b
a
. Then by Corollary 6.10, we have:
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Proposition 6.15. Let M = I ×f1 M1 ×f2 M2 × · · · ×fm Mm be a multiply warped product. ζ =
(at− b)
1
3 ∂t+
m∑
i=1
ζi ∈ Γ(TM). Suppose each ζi is a 2-Killing vector field on Mi, then ζ is a 2-Killing
vector field on M if each ζi is a homothetic vector field on Mi with ci satisfying:
a
3
fif˙i + (fif¨i + f˙i
2
)(at− b) = −2cifif˙i(at− b)
2
3 . (28)
We recall the definition of generalized Kasner space-times in [9].
Definition 6.16. A generalized Kasner space-time (M, g) is a Lorentzian multiply warped prod-
uct of the form M = I×φp1 M1×φp2 M2×· · ·×φpm Mm with the metric tensor g = −dt
2⊕φ2p1gM1⊕
φ2p2gM2 ⊕ · · · ⊕ φ
2pmgMm , where φ : I → (0,∞) is smooth and pi ∈ R, for any i ∈ {1, . . . ,m} and
also I = (t1, t2).
Then consider that fi = φ
pi , by Proposition 6.15, we get:
Proposition 6.17. Let M = I×φp1 M1×φp2 M2×· · ·×φpm Mm be a generalized Kasner space-time.
ζ = (at − b)
1
3 ∂t +
m∑
i=1
ζi ∈ Γ(TM). Suppose each ζi is a 2-Killing vector field on Mi, then ζ is a
2-Killing vector field on M if each ζi is a homothetic vector field on Mi with ci satisfying:
a
3
+
2pi − 1
φ
(at− b) = −2ci(at− b)
2
3 . (29)
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